Resolutions of topological linear spaces and continuity of linear maps  by Drewnowski, Lech
J. Math. Anal. Appl. 335 (2007) 1177–1194
www.elsevier.com/locate/jmaa
Resolutions of topological linear spaces
and continuity of linear maps
Lech Drewnowski 1
Faculty of Mathematics and Computer Science, A. Mickiewicz University, Umultowska 87, 61-614 Poznan´, Poland
Received 5 January 2007
Available online 22 February 2007
Submitted by R.M. Aron
Abstract
The main result of the paper is the following: If an F -space X is covered by a family (Eα : α ∈ NN) of
sets such that Eα ⊂ Eβ whenever α  β, and f is a linear map from X to a topological linear space Y which
is continuous on each of the sets Eα , then f is continuous. This provides a very strong negative answer to
a problem posed recently by J. Ka¸kol and M. López Pellicer. A number of consequences of this result are
given, some of which are quite curious. Also, inspired by a related question asked by J. Ka¸kol, it is shown
that if a linear map is continuous on each member of a sequence of compact sets, then it is also continuous
on every compact convex set contained in the linear span of the sequence. The construction applied to prove
this is then used to interpret a natural linear topology associated with the sequence as the inductive limit
topology in the sense of Ph. Turpin, and thus derive its basic properties.
© 2007 Elsevier Inc. All rights reserved.
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0. Introduction
The questions considered in this paper are of the following type: If a linear map is continuous
on some compact subsets of its domain (a topological linear space), on what other subsets is
it continuous? In particular, is it continuous on the whole of its domain? (Actually, not only
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that has been raised in a recent paper by J. Ka¸kol and M. López Pellicer [8, Problem]:
Question (K–LP). Let X be a separable Fréchet space covered by a family (Kα: α ∈ NN) of its
compact subsets with Ka ⊂ Kβ whenever α  β . Is it then possible to find a linear functional f
on X that is continuous on each of the sets Kα , and yet is discontinuous on X?
As it was explained in [8], if the answer were ‘yes,’ the kernel of such a functional f would be
a non-Baire dense hyperplane in X, thus providing an alternative proof, possibly without using
the Continuum Hypothesis, for a deep result of Arias de Reyna (1980).
Furthermore, it was already shown in [8, Proposition 5] that the answer is ‘no’ if the sets Kα
are additionally required to be absolutely convex. It was, therefore, reasonable to wonder if, after
replacing the sets Kα with their closed absolutely convex hulls aco(Kα), one will still be dealing
with the same set of functionals f . This prompted J. Ka¸kol to ask the following.
Question (K). Let K be a compact set in a Banach (or Fréchet) space X, and let f be a linear
functional on X. If f is continuous on K , is it then also continuous on aco(K)?
In this paper, we answer both these questions in the negative. A more detailed description of
the contents of the paper is as follows. First of all, the paper splits into two almost independent
parts: the one inspired by Question (K) and consisting of Sections 1 and 2, and the other one
directly related to Question (K–LP) and formed by Sections 3 and 4.
In Section 1, we start by showing in Proposition 1.1 that the answer to Question (K) is ‘no’ in
general (as was to be expected); this is a fairly easy result. Then we give some results that are of
positive character, and probably more interesting; they are presented here in a simplified form.
First, we prove in Proposition 1.2 that if a linear map is continuous on a compact set K , then
it is also continuous on all those sets of ‘compact’ linear combinations of K that have a fixed
number of terms. (This result along with its complement, Proposition 1.4, is also used in some
proofs of Section 4.) From this, with the help of the Baire category theorem, it is then deduced
in Theorem 1.6 that such a map f is continuous on every convex compact subset of the linear
span of K . In particular, in the setting of Question (K), f is continuous on aco(K) provided
aco(K) ⊂ lin(K) (see Corollary 1.7).
In Section 2, which can be viewed as a continuation of Section 1, we discuss the finest linear
topology that coincides with the original one on a given sequence of compact sets. Using the
constructions from Proposition 1.2, we are able to describe this topology as a generalized induc-
tive limit topology of the sort investigated by Ph. Turpin. Thanks to that, some properties of this
topology are readily obtained from the general results of Turpin.
Section 3 collects basic general results about topological and, mostly, linear topological
spaces that admit a compact resolution, that is, a compact covering (Kα) like the one in
Question (K–LP), or resolutions of certain other types. Some of these results, though not all,
are needed in Section 4.
In Section 4, our main result is Theorem 4.2 showing that the answer to Question (K–LP)
is ‘no’ in a very strong sense: For an F -space X and its arbitrary resolution (Eα), if a linear
map f from X to a topological linear space Y is continuous on each of the sets Eα , then it is
continuous. We give two different (though closely related) proofs for this theorem. In the first,
it is deduced from a classical result on the continuity of measurable homomorphisms, and thus
it involves things like analytic sets and the Baire property. (This approach is also used to give
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and is certainly more direct, it is first shown in Proposition 4.3, using a category type result
from [8], that any linear map like f in the theorem has a closed kernel, and then the classical
closed graph theorem is applied to get the continuity of f . In the remaining part of Section 4, we
derive from Theorem 4.2 a number of interesting consequences, among which its close ‘relatives’
like Theorems 4.12 and 4.17 are particularly worth mentioning here.
Finally, let us note that some results of this paper (for example, Theorem 4.2) have their
analogs valid for suitable topological groups (with suitably chosen versions of proofs), but we
will take no effort to isolate those results explicitly.
Throughout, all topological spaces (in particular, topological linear spaces) are assumed Haus-
dorff. If X and Y are topological spaces, then a map f :X → Y is said to be continuous on a set
K ⊂ X if f |K , the restriction of f to K , is continuous.
We refer the reader to [7,10], or [14] for the basics on topological linear spaces, and to [4,11,
13] and [15] for those on analytic (or Souslin) and K-analytic sets. To avoid ambiguity, let us
stress that by an F -space we mean a complete metrizable topological linear space, and a Fréchet
space is a locally convex F -space.
1. Continuity on sequences of compact sets
Throughout this section, X and Y are arbitrary topological linear spaces (over the field K of
real or complex scalars). Our first result gives a negative answer to Question (K).
Proposition 1.1. Let K be a subset of X such that C := aco(K) is not contained in the linear
span L of K . Then there exists a linear map f :X → Y such that f |K = 0 and f |C = 0, and
thus f is not continuous on C.
Proof. Choose a nonzero point y0 ∈ Y and a point x0 ∈ C \L. Then there is a linear map g from
M := L⊕K · x0 → Y such that g|L = 0 and g(x0) = y0. Then the linear map f := g ◦P , where
P :X → M is any linear projection, is as required; f is not continuous on C because, otherwise,
it would be zero on C. 
If both the sets K and C in the proposition above are compact, and C ⊂ L, the situation
changes dramatically (see Corollary 1.7). In fact, we can prove much more, and the first step
towards that aim is the following.






tj xj : (t1, . . . , tn) ∈ A, xj ∈ Kj (1 j  n)
}
.
If a linear map f :X → Y is continuous on each of the sets Kj , then it is also continuous on the
set K .
Proof. Although a more direct argument is possible (as in the proof of Proposition 1.4), we
prefer to present the following.
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(




By a well-known fact (see, e.g., [16, Corollary 7.1.6]), the map f |K is continuous if and only
if the composition f ◦ h is continuous. Now, the latter does indeed hold because f ◦ h can be
written as the composition of two continuous maps:
F :A×K1 × · · · ×Kn → A× f (K1)× · · · × f (Kn),
F
(
(t1, . . . , tn), x1, . . . , xn
)= ((t1, . . . , tn), f (x1), . . . , f (xn))
and
S :A× Yn → Y, S((t1, . . . , tn), y1, . . . , yn)= n∑
j=1
tj yj . 
Remark 1.3. An analogous result holds for linear-multiplicative maps between topological alge-
bras (with continuous multiplication).
The preceding result may be combined with the following.
Proposition 1.4. If a linear map f :X → Y is continuous on a closed set E ⊂ X and on a
compact set K ⊂ X, and A is a compact set of nonzero scalars, then f is also continuous on the
closed set AE +K .
Proof. Let zi = tixi + yi , where ti ∈ A, xi ∈ E, and yi ∈ K , be a net converging to a point z.
By compactness, it can be assumed that the net (ti) converges to a point t ∈ A, and the net (yi)
converges to a point y ∈ K . Then the net (xi) in E converges to the point x := t−1(z − y) ∈ E.
Hence z ∈ AE + K , and the net f (zi) = tif (xi) + f (yi) converges to tf (x) + f (y) = f (z).
Thus f is continuous at z. 
Example 1.5. The result above is not valid if both the sets E and K are merely closed.
To see this, let X be an infinite-dimensional normed space. By the Riesz Lemma (see, e.g.,
[5, Chapter I]) and a simple (finite-dimensional) compactness argument, there is a linearly inde-
pendent sequence (zn) in X such that ‖zn‖ = 1 and ‖zn − z‖ 1 for all n and z ∈ lin{zk: k < n}.
For each n  1, let x2n = z2n and x2n−1 = −z2n + 1nz2n−1. Then the sequence (xn) is linearly
independent, hence there exists a linear functional f on X such that f (xn) = 1 for all n. More-
over, the sequence (xn) is bounded and, as easily verified, ‖xn − xm‖  1 whenever m = n. It
follows that the set E := {xn: n ∈ N}∪{0} is closed (and discrete), and that f is continuous on E.
Also, ‖xn + xm‖ 1 whenever m < n, except for the cases where n is even and m = n − 1. Let
F := E + E. Then yn := x2n + x2n−1 = 1nz2n−1 ∈ F and yn → 0 ∈ F , but f (yn) = 2 for each
n so that f is not continuous on F . (Note that also the set F is closed and 0 is its only cluster
point.) 
For a compact set K ⊂ X and every n ∈ N, define cn(K) to be the set of all linear combinations∑n
j=1 tj xj , where x1, . . . , xn ∈ K and
∑n
j=1 |tj | 1. Clearly, each cn(K) is a balanced compact
set, and their union is equal to aco(K).
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the linear span of their union. If C is a convex compact subset of L, then there exist m,n ∈ N
and r > 0 such that
C ⊂ rcn(K1 ∪ · · · ∪Km).
In consequence, if a linear map f :X → Y is continuous on each of the sets Kj , then it is also
continuous on every convex compact subset of L.
Proof. First note that if a convex set A ⊂ L is compact, then so is aco(A), and aco(A) ⊂ L (see
[10, §20.7.(6) and (7), and the proof of (7)]; the local convexity of the space is not used).
We may, therefore, assume that C is an absolutely convex compact subset of L. Let
M := lin(C), and let p denote the Minkowski (or gauge) functional of C in M . Then the topol-
ogy defined by p is stronger than the original topology of M , and p is a complete norm (using,
e.g., [14, I.1.6]). Since the sets of the form M ∩ r cn(K1 ∪ · · · ∪ Km) (m,n, r ∈ N) are p-closed
and cover all of M , using the Baire theorem it follows that for some m and n the p-interior
of M ∩ cn(K1 ∪ · · · ∪ Km) is nonempty. From this, by a standard argument, we deduce that
the set M ∩ c2n(K1 ∪ · · · ∪ Km) has 0 as a p-interior point. Thus there is ε > 0 such that
εC ⊂ c2n(K1 ∪ · · · ∪Km). This proves the first part of the theorem.
Since f is, clearly, continuous on each of the sets K1 ∪ · · · ∪ Km, the second part is a direct
consequence of the first one and Proposition 1.2. 
Corollary 1.7. If a linear map f :X → Y is continuous on a compact set K ⊂ X, then it is
continuous on aco(K) provided this set is compact and contained in the linear span of K .
Note that aco(K) is automatically compact if, e.g., X is a quasi-complete locally convex space
(see [7, 6.7.2, 9.8.6] or [14, IV.11.5]). The result below is likely to be known, but the author has
no reference for it in the literature.
Corollary 1.8. If the space X is of countable dimension, then every convex compact subset of
X is finite-dimensional (and thus the family of such sets does not depend on the topology of the
space).
Proof. Take an algebraic basis (xn) of X, set Kn := {xn}, and apply Theorem 1.6. 
Remark 1.9. Corollary 1.8 can be used to give a simple and direct proof of [8, Proposition 3].
In fact, let F be a dense ℵ0-dimensional subspace of a separable F -space E, and let (xn) be an
algebraic basis of F . Then, by Corollary 1.8, every absolutely convex compact subset of F is
contained in one of the sets Cn := n · aco({x1, . . . , xn}) (n ∈ N). Setting Kα = Cn1 for α = (nk)
one gets a resolution (see Section 3) of F consisting of absolutely convex compact sets and
swallowing all other sets of this type (but not all compact subsets of F ).
2. A Turpin type inductive limit topology
Throughout this section, X is a topological linear space and K = (Kj ) is a sequence of com-
pact subsets of X; without loss of generality, we will assume that the sequence K is infinite. To
simplify notation, we will also assume that the linear span of the union of the Kj ’s is all of X.
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sets Kj to be continuous on X (consider, for instance, the case when all the sets Kj are single-
tons). Moreover, as the proposition below shows, this typically does happen only if X is of finite
dimension.
Proposition 2.1. If X is a metrizable locally convex space, Y a nonzero topological linear space,
and every linear map from X to Y that is continuous on each of the sets Kj is continuous on X,
then dimX < ∞.
Proof. It is enough to prove the assertion for the case of linear functionals. Let X′ denote the dual
space of X, and X′K the linear space of all those linear functionals f on X that are continuous
on each of the sets Kj . By assumption, X′ = X′K, and X′K considered with the topology τ ′K of
uniform convergence on the sets Kj is clearly a Fréchet space.
Obviously, the Fréchet topology τ ′K is stronger than the weak
∗ topology σ(X′,X) of X′.
Now, if (Un) is a countable base at zero in X consisting of absolutely convex closed sets, then
the polars U◦n are weak∗-compact (by the Banach–Alaoglu theorem), hence τ ′K-closed, and cover
all of X′. By the Baire theorem, there is n such that U◦n contains a τ ′K-neighborhood of zero of
the form ε(K1 ∪ · · ·∪Km)◦ for some m and ε > 0. Now, ε−1aco(K1 ∪ · · ·∪Km) is a precompact
set and, by the bipolar theorem, it contains Un. Thus X has a precompact neighborhood of zero;
hence dimX < ∞ [7, 3.5.6].
If X is a normed space, a slightly different argument can be used: The Fréchet topology τ ′K
is weaker than the Banach space topology of X′, hence by the open mapping theorem they must
coincide. It follows that the unit ball of X′ contains a τ ′K-neighborhood of zero of the form used
above, which implies that the unit ball of X is precompact. 
Thus, returning to the general discussion, it may be of some interest to refine the original
topology of X in the weakest possible way so as to make all such maps f continuous. Using the
notation introduced before Theorem 1.6, for every n ∈ N let
En := 2nc2n(K1 ∪ · · · ∪ Kn).
Then each of the sets En is balanced and compact,




Below, the sets Kj and En are considered with the topology induced from X.
Thus the sequence (En) is a system of “balanced topological spaces” in the sense used by
Turpin [19, p. 38] and, therefore, enables us to equip X with the (strict) inductive limit topology
of this system. Recall that this is the finest linear topology in X such that all the inclusion maps
En → X are continuous. In view of Proposition 1.2, it coincides with the finest linear topology
in X for which all the inclusion maps Kj → X are continuous. In what follows we denote this
topology by γ (K).
Combining the results of Section 1 with those in [19, Section 1.1], one easily derives basic
properties of the space (X,γ (K)) collected in the proposition below. Note that while properties
(a) and (b) follow from the very definition (and obvious existence) of the topology γ (K), its
other properties, especially completeness and property (c), are not that evident.
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logical linear space; it is nonmetrizable and non-Baire unless dimX < ∞. Moreover we have:
(a) On each of the sets En, the topology induced by γ (K) coincides with the original topology
of En.
(b) A linear map f : (X,γ (K)) → Y , where Y is a topological linear space, is continuous iff
f |Kj is continuous for each j .
(c) A subset of X is γ (K)-bounded iff it is contained in one of the sets En.
(d) Closed bounded sets in (X,γ (K)) coincide with compact sets in (X,γ (K)), and these are
the same as compact subsets of the sets En for the original topology of X.
(e) Compact convex sets for the original topology of X are also γ (K)-compact.
If the space X is locally convex then, in general (and for quite obvious reasons), the topology
γ (K) need not be locally convex; see Example 2.4 below.
Proposition 2.3. If the space X = (X, τ) is locally convex, then the following are equivalent:
(a) The topology γ (K) is locally convex.
(b) There is a locally convex topology λ in X such that a set A ⊂ X is λ-bounded iff it is con-
tained in one of the sets En.
(c) The τ -closed absolutely convex hull Cn of each of the sets Kn is τ -compact.
Proof. In view of Proposition 2.2(c), λ := γ (K) is as required in (b).
(b) ⇒ (c): For each n, since λ is locally convex and Kn is λ-bounded, so is aco(Kn);
hence there is m such that aco(Kn) ⊂ Em. But Em is τ -compact, and it follows that
Cn = aco τ (Kn) ⊂ Em.
(c) ⇒ (a): Using Theorem 1.6 it is easily seen that for each n there is m such that Cn ⊂ Em.
On the other hand, for each n we obviously have
En ⊂ 2naco τ (K1 ∪ · · · ∪ Kn) ⊂ X,
and the set in the middle is absolutely convex and compact [7, 6.7.3]. It follows that the system
(En) is equivalent to the system consisting of the sets 2naco τ (K1 ∪ · · · ∪ Kn) (n ∈ N); that is,
the inductive limit topologies in X defined by both of them are identical. To finish note that the
inductive limit topology defined by the latter system is locally convex by [19, Theorem 1.1.6 and
Remark after its proof]. 
Example 2.4. In the Banach space c0, let K := { 1nen: n ∈ N} ∪ {0}, where (en) is the se-
quence of unit vectors. (We will identify K with K = (K,K, . . .) in what follows.) Then
X = lin{en: n ∈ N}, and γ (K) is the linear topology determined by the family of all F -norms
‖·‖ in X such that ‖ 1
n
en‖ → 0 as n → ∞.
Let us also consider the locally convex analog of γ (K), that is, the finest locally convex topol-
ogy λ(K) in X for which the inclusion map K → X is continuous. Clearly, λ(K) is determined
by the family of all norms ‖·‖ in X such that ‖ 1
n
en‖ → 0 as n → ∞ or, equivalently, such that
supn ‖en‖ < ∞.
Since the closed absolutely convex hull of K in c0 is compact but obviously not contained
in X, it follows from Proposition 2.3 that λ(K) is strictly weaker than γ (K). This can also
be shown in a direct way as follows: If γ (K) were locally convex then, taking any p ∈ (0,1),
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‖x‖p A‖x‖p for some constant A > 0 and all x ∈ X. However, if xn := n−1/p(e1 + · · · + en),
then ‖xn‖ n1−1/pb → 0. But ‖xn‖p = 1 for all n; a contradiction.
From Proposition 2.3 it also follows that λ(K) does not have the property that a set A ⊂ X is
bounded iff it is contained in one of the sets En = 2nc2n(K). Again, in the present setting this
can be seen directly as follows: Since K is λ(K)-compact, hence bounded, so is aco(K). Now,
as the points in aco(K) have arbitrarily large finite supports, while the supports of the points in
En are of cardinality  2n, there is no n with aco(K) ⊂ En.
Finally, let us note that contrary to the case of (X,γ (K)), the space (X,λ(K)) is not even
sequentially complete. To see this take the sequence (In) of consecutive intervals in N with
|In| = n, and for each n set zn = n−3∑j∈In ej . Then for any λ(K)-continuous norm ‖·‖ one
has ‖zn‖  bn−2, where b := supn ‖en‖ < ∞, and, consequently,
∑
n ‖zn‖ < ∞. If the space
(X,λ(K)) were sequentially complete, the series
∑
n zn would converge in this space. But then
its sum would have all its coordinates nonzero, which is impossible.
3. Compact and other type resolutions
The terminology adopted below, with which the author feels more at ease, is slightly different
from that originally introduced (in the compact case) by Tkachuk [18] who spoke of NN-ordered
compact covers and spaces (compactly) NN-dominated (or dominated by the irrationals). We
refer the reader to [8,18] and [9] for additional explanations, motivations, surveys of relevant
results, and references to the earlier literature.
By a (NN-) resolution of a set A we mean a family (Aα) = (Aα: α ∈ NN) of its subsets that
covers A and is such that Aα ⊂ Aβ whenever α  β (coordinatewise). If A is a subset of a
topological space X, then its resolution (Aα) is called compact [closed] provided all the sets Aα
are compact [closed] in X; we shall then say that A admits (or has) a compact [closed] resolution.
Trivially, in that case also any subset B of A such that each of the sets Bα := B ∩ Aα is closed
in X, in particular, any relatively closed subset B of A, admits a compact [closed] resolution,
viz., (Bα). It is easy to verify that the class of those sets in topological spaces that admit compact
[closed] resolutions is closed under countable unions, intersections, and products. Moreover, the
class of sets admitting compact resolutions contains all K-analytic sets (in particular, all analytic
sets), and is closed under continuous images. (See [18, Theorem 2.1] for the case of compact
resolutions.)
A simple argument showing that every complete separable metric space admits a compact
resolution (even one that ‘swallows’ all compact sets) can be found in [8, Introduction].
Other types of resolutions like, for instance, precompact resolutions, bounded resolutions,
etc., will also appear in what follows. In each case, the adjectives preceding the word ‘resolution’
specify the class of sets the resolution consists of. (Thus, for instance, ‘a sequentially complete
resolution’ can be translated, if desired, as ‘a resolution consisting of sequentially complete sets.’)
Below, we collect the basic general results concerning spaces with resolutions of various
types, along with some explanatory comments. Hopefully, they will give the reader a better un-
derstanding of our ‘working ground,’ though not all of them will really be needed in the next
section. The first result is due to B. Cascales and J. Orihuela [3, Theorem 15].
Theorem 3.1. A submetrizable topological space admits a compact resolution if and only if it is
analytic (and in that case the space is separable and hereditarily Lindelöf ).
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(a) X is separable and admits a complete resolution.
(b) X admits a compact resolution.
(c) X is analytic.
Proof. (a) implies (b): Let (Eα) be a complete resolution of X, and (Cα) a compact resolution
for the completion X˜ of X. Then the sets Kα := Eα ∩ Cα form a compact resolution of X.
By Theorem 3.1, conditions (b) and (c) are equivalent, and they trivially imply (a). 
The next result was proved by N. Robertson [12] (for the more general case of uniform
spaces); see also Remark 3.4 below.
Theorem 3.3. If a topological linear space X admits a precompact resolution, then it is trans-
separable. In particular, if X is in addition metrizable, then it is separable.
Let us explain that X is trans-separable means that, for each neighborhood U of zero in X, a
countable number of the translates x+U of U covers all of X. (Such spaces are called σ -bounded
in [4, p. 88].) Equivalently: for each continuous F -seminorm p on X, the F -seminormed space
(X,p) (or the associated F -normed space X/kerp), is separable, or: the space X is isomorphic
to a subspace of the product of a family of separable F -spaces. Taking this into account, one can
easily deduce Theorem 3.3 from Theorem 3.1. A simple direct proof is given below (it works
also in the case of uniform spaces).
Proof. We first show that a set S with a resolution (Fα) consisting of finite sets is countable. For
each s ∈ S choose αs so that s ∈ Fαs . Then the set A of αs ’s is countable. Otherwise it would
contain a sequence (αn) with pairwise distinct terms that is convergent in NN, and hence there
would exist α such that αn  α for all n. Then Fα would be infinite, contrary to the assumption.
Thus A is countable, and so is S.
Now, let (Eα) be a precompact resolution of X. Take neighborhoods U and V of zero such
that V − V ⊂ U , and let M be a maximal subset of X such that the translates x + V , where
x ∈ M , are pairwise disjoint. Due to precompactness, each of the intersections Fα := Eα ∩ M is
finite. By what was shown above, M is countable. To finish, note that M + U = X. 
Remarks 3.4. (i) The above argument is borrowed from Talagrand’s proof of [17, Proposi-
tion 6.13], where he (implicitly) established the following general fact: In a topological space
that admits a compact resolution, every closed discrete subset is countable. It is not hard to see
that Theorem 3.3 can be deduced from this fact as well. Simply apply it to the space obtained as
the union of the closures E˜α in X˜ of the sets in a precompact resolution (Eα) of X.
(ii) It is worth pointing out that one cannot prove or disprove in the usual set theory that a set
with a resolution consisting of countable sets is itself countable. It need not under (CH), but it
is under (MA+¬CH), as follows easily from [18, Theorem 3.6]. Making use of this, the same
can be said about, e.g., the statement that a metric space or a Banach space that has a resolution
consisting of separable sets is itself separable. (For instance, under the CH, the order interval
[0,ω1) has a resolution of the form ([0,μα]), hence the family (c0([0,μα)) of closed separable
subspaces is a resolution of the nonseparable Banach space c0([0,ω1)).)
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the second (Baire) category (see, e.g., [2, Chapter IX, §5]). Note that if a topological linear
space is of the second category, then so are the translates of its absorbing subsets, hence such a
space is automatically Baire. It is worth mentioning that the product of any family of completely
metrizable spaces is Baire (see [2, Chapter IX, Exercise 17]).
The next theorem is a refined version of a result of J. Ka¸kol and M. López Pellicer [8, Corol-
lary 2], where the subspace S was assumed to have a compact resolution. It can be proved by
making minor changes in the alternative proof for that result given in [8].
Theorem 3.5. Let X be a submetrizable topological space, and ρ a weaker metrizable topology
on X. If S is a Baire subspace of X that admits a ρ-closed resolution, then S \ S is of the first
category (and, consequently, S has the Baire property).
Corollary 3.6. If X is a metrizable Baire topological linear space that admits a complete reso-
lution, then X is complete.
Proof. Let X˜ be the completion of X. Then X is a Baire linear subspace of X˜, and X has a
closed resolution in X˜. By Theorem 3.5, X˜ \X is of the first category. If X = X˜, then taking any
z ∈ X˜ \ X we would have z + X ⊂ X˜ \ X, and this is impossible as z + X and X˜ \ X are of the
second and first category in X˜, respectively. 
The next result shows how some of the basic properties of topological linear spaces are related
to the existence of suitable resolutions. Note that the result has a general case, and a locally
convex case. In its general case, part (a) is Fact 2 in [9] (see also [8, Proposition 1]); part (b)
follows easily from (a); and part (d) is the theorem proved in [8] if one omits local convexity
from its formulation (and proof). Part (c), and the locally convex case of the theorem, though
obtained by easy modifications of existing proofs, seem to be new.
Theorem 3.7. A Baire topological linear space X is
(a) a metrizable [locally convex] space iff it has a [convex] bounded resolution;
(b) a separable metrizable [locally convex] space iff it has a [convex] precompact resolution;
(c) a [locally convex] F -space iff it has a sequentially complete [convex] bounded resolution;
(d) a separable [locally convex] F -space iff it has a [convex] compact resolution.
Proof. For the proofs of the ‘only if’ parts (which do not require X to be Baire), choose a
base (Un) of closed balanced [absolutely convex] neighborhoods of zero in X and, in case X is










[Eα , or aco(Fα)] form a resolution needed in (a) and (c), or in (b) and (d), respectively. (Cf. [9,
Fact 2(b)] and [8, Introduction].)
The ‘if’ part of (a) in the general case is Fact 2(a) in [9]. To get it in the convex case, let (Eα)
be a convex bounded resolution of X. Then for every finite sequence n1, . . . , nk in N the sets
Cn1,...,nk :=
⋃{
Eβ : β = (mi), mi = ni (1 i  k)
}
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It follows that the neighborhoods Uk of zero in the proof of Fact 2(a) in [9] can be chosen to be
convex. Thus modified, that proof then shows that the space X is metrizable and locally convex.
As for the other ‘if’ parts: (b) follows from (a) and Theorem 3.3; (c) follows from (a) and
Corollary 3.6; (d) follows from (b) and (c). 
Remarks 3.8. (i) Clearly, a resolution as required in (a) or (b) exists already when X admits a
stronger metrizable or metrizable and separable [locally convex] linear topology, respectively.
Conversely, if the space X = (X, τ) admits a finer linear Baire topology τ ′ and has a [convex]
bounded resolution, then one can find a metrizable [locally convex] linear topology ρ such that
τ  ρ  τ ′ and ρ has a base at zero consisting of τ -closed sets. (This can be seen by inspecting
the proof of Fact 2(a) in [9] [and modifying it as in the proof above].) It follows that X has a
resolution consisting of [convex] ρ- hence also τ -bounded τ -closed sets. However, if X as above
has a (pre)compact resolution then, in general, there is no stronger metrizable and separable
linear topology on X (consider any nonseparable reflexive Banach space with its weak topology).
(ii) An alternative form of the condition in (c) is that X has both a [convex] bounded resolution
and a sequentially complete resolution.
(iii) In part (d) of the theorem, one can replace ‘compact’ with, e.g., ‘(relatively) sequen-
tially compact,’ or ‘(relatively) countably compact.’ It is so because if the space X has a (clearly
bounded) resolution of any of these types, then X is [locally convex] and metrizable, by (a).
Hence, by taking closures, one gets a [convex] compact resolution and, by the original form
of (d), X is a separable [locally convex] F -space.
Corollary 3.9. An F -space is locally convex [and separable] iff it admits a convex bounded
[respectively compact] resolution.
In the proof of Proposition 4.3 below, Theorem 3.5 will be applied via the fact stated below.
But first let us recall that a subset A of a topological linear space X is called algebraically
open if for each x ∈ A the set A − x is absorbing, that is, for every y ∈ X there is ε > 0 such
that x + ty ∈ A whenever |t | < ε (see, e.g., [10, §16.2]). Also note that open subsets of X are
algebraically open and that the intersection of any finite number of algebraically open sets is
again algebraically open.
Fact 3.10. Let X be a Baire topological linear space, and let A be an algebraically open subset
of X. Then for every open subset G of X the intersection A∩ G is either empty or of the second
category in X; in particular, A is a Baire subspace of X. In consequence, if A is also dense in X
and A ⊂ B ⊂ X, then for every nonempty open subset G of X the intersection B ∩ G is of the
second category in X; that is, B is a dense Baire subspace of X.
We conclude with another easy fact that will be needed in Section 4.
Fact 3.11. Let X and Y be topological spaces, let (Eα) be a resolution of X, and let a map
f :X → Y be continuous on each of the sets Eα .
(a) If the resolution (Eα) is compact, then the family of sets f (Eα) is a compact resolution for
the range f (X) of f .
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sets Eα ∩ f−1(C) = (f |Eα)−1(C) is a compact [closed] resolution of the subset f−1(C)
of X.
4. Resolutions and continuity of linear maps
The theorem that follows is our main result in this section. We first give a ‘short’ proof for it
based on a combination of some known earlier results, and then, after a little additional work, an
independent, alternative proof (our original one) based on Theorem 3.5.
Throughout this section, α = (nk)k1 stands for an arbitrary element of NN, and we use the
convention that α′ = (nk+1)k1.
We start with a very simple observation.
Proposition 4.1. Let f be a map from a topological space X to a regular topological space Y ,
and let E be an upward directed family of sets covering the space X. If f is continuous on each
set E ∈ E, then it is also continuous on the closure E of each set E ∈ E.
Proof. Fix a set E ∈ E and let x ∈ E. Then there is a set F ∈ E containing both E and x. Since
f |F is continuous at x, we see that f |(E ∪ {x}) is continuous at x; in other words, the limit of
f |E at point x exists and equals f (x). It follows that f |E is continuous (by [6, Exercise 3.2.A(b)]
or [2, Chapter 1, §8.5, Theorem 1]). 
Theorem 4.2. Let X be an F -space with a resolution (Eα). If Y is a topological linear space
and f :X → Y is a linear map that is continuous on each of the sets Eα , then f is continuous
on X.
Proof. In view of Proposition 4.1, we may assume that the resolution (Eα) is closed. It suffices
to show that f is continuous on every closed separable linear subspace of X. Therefore, as easily
seen, we may (and will) assume that the F -space X itself is separable.
Choose any compact resolution (Cα) for X. Then, clearly, the family of sets Kα := Eα ∩ Cα
is a compact resolution for X, and f is continuous on each of the sets Kα . From Fact 3.11(a)
and Theorem 3.3 it follows that the subspace f (X) is trans-separable. Replacing Y with f (X)
we may therefore assume that Y itself is trans-separable.
Now, let C be a closed subset of Y . Then, by Fact 3.11(b) and Theorem 3.1, f−1(C) is an
analytic subset of X, hence has the Baire property (see [11, §39.II, Corollary 1]). It follows that
f has the Baire property; in other terms, f is BP-measurable. Finally, by Theorem 5.2 in [4]
(which is a generalized version of a theorem due to Banach [1, Chapter I, §3, Theorem 4 and
Remark following its proof]), f is continuous. 
The following is an essential ingredient of our alternative proof of the above theorem.
Proposition 4.3. Under the assumptions of Theorem 4.2, the kernel N of f is a closed subspace
of X.
Proof. Like in the previous proof, we may assume that the resolution (Eα) is closed [or even
compact]. Next, replacing X with the closure of N (considered with the induced closed [or
compact] resolution), we may assume that N is dense in X, and need to prove that N = X. This
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in Y .
Now, given such a neighborhood V0, choose a sequence (Vn) of similar neighborhoods of
zero in Y so that Vn+1 + Vn+1 ⊂ Vn, and denote Un = f−1(Vn) (n 0). Since the intersection
of the Vn’s is a linear subspace of Y , the intersection U of the Un’s is a linear subspace of X.
Of course, N ⊂ U so that each Un is dense in X. Moreover, as follows easily from Facts 3.10
and 3.11(b), each Un is a Baire subspace of X and admits a closed [or compact] resolution.
Hence, by Theorem 3.5, the complements X \ Un are all of the first category. In consequence,
their union X \ U is of the first category, and the linear subspace U is of the second category.
Therefore, U = X and thus f (X) ⊂ V0. 
We are now ready to give
An alternative proof for Theorem 4.2. We first consider the case where also Y is an F -space.
Define a linear map g :X × Y → Y by g(x, y) = y − f (x). It is obvious that g is continuous on
each member of the resolution (Eα × Y) of the F -space X × Y . By Proposition 4.3, the kernel
of g, which is the same as the graph of f , is a closed subspace of X × Y . Hence, by the closed
graph theorem, f is continuous.
In the general case, we may view Y as a subspace of a product
∏
s Ys of F -spaces. Then, by
the preceding case, the composition of f with each of the canonical projections of the product
onto its factors is continuous so that also f itself is continuous. 
Remarks 4.4. (i) A very special case of Theorem 4.2 is when the linear map f is assumed to
be continuous on each member of an increasing sequence (En) of sets covering the F -space X.
Since then the sets Eα := En1 , where α = (nk), are a resolution of X, we conclude that the
map f is continuous. A simple direct proof of this runs as follows: By Proposition 4.1, f is
continuous on each of the sets En. But, by the Baire theorem, one of these sets has a nonempty
interior. Hence f has a point of continuity, and so it is continuous on X. In consequence, if f is
continuous on an absorbing subset E of the F -space X, then it is continuous. (It can be assumed
that E is balanced, then set En := nE.) The same conclusion holds when f is continuous on a
closed set E whose scalar multiples tE cover all of X. (Assuming, as we may, that 0 ∈ E, set
En := AnE, where An := {t ∈ K: n−1  |t | n}; also, see Proposition 1.4.)
(ii) If, in Theorem 4.2, X is a Fréchet space and f is a linear functional on X that is weakly
continuous on each of the sets Eα , then f is continuous for the original, hence also for the weak
topology of X. However, it is not so, in general, for other weaker linear topologies on X. Con-
sider, for instance, the Banach space X = C[0,1] with the topology τp of pointwise convergence.
Then the Lebesgue integral is not τp-continuous on X despite the fact that it is τp-continuous
on every norm-bounded τp-compact (or weakly compact) subset of X, and X has obviously
resolutions consisting of such sets (cf. [17, Remark ii) after Theorem 2.2]).
A general example of the above type: Take any separable Fréchet space X whose topology is
strictly finer than its weak topology (this happens iff dimX = ∞ and X is not isomorphic to the
countable product of the scalars). Then one can construct a locally convex Hausdorff (and even
metrizable) topology ρ < σ(X,X′), and next find a functional f ∈ X′ that is not ρ-continuous.
Nevertheless, f will be ρ-continuous on every member of any compact resolution of X (which
is automatically a ρ-compact resolution).
(iii) The linearity of the map f is essential for Theorem 4.2 (and other results in this section)
to hold. To see this, let X be any complete separable metric space, and let E be a Borel subset
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Kα := Lα ∪ Mα form a compact resolution for X, and the characteristic function f = χE is
continuous on each of the sets Kα . However, if neither E nor X \ E have interior points, then f
has no point of continuity.
We now state a few consequences of Theorem 4.2. The first one, which is also immediate
from Proposition 4.3, gives a negative answer to Question (K–LP):
Corollary 4.5. Let X be an F -space with a resolution (Eα). If a linear functional f on X is
continuous on each of the sets Eα , then it is continuous.
We also have the following.
Corollary 4.6. Let X be an F -space. If the kernel N of a linear functional f on X admits a
closed resolution, then f is continuous.
Proof. Assume that f = 0 and let (Lα) be a closed resolution of N . Also, chose a point v
with f (v) = 0. Then the sets Eα := {x + tv: x ∈ Lα′ , |t | n1}, where α = (nk), form a closed
resolution of the space X. Moreover, it follows from Proposition 1.4 that f is continuous on each
of these sets. Apply the preceding corollary. 
Remark 4.7. If the F -space X is separable, and N admits a compact resolution, then it is an-
alytic (by Theorem 3.1), hence closed (by the second part of Theorem 5.5 in [4]), and so f is
continuous.
The next two corollaries to Theorem 4.2 are straightforward.
Corollary 4.8. Let X be a separable F -space with a compact resolution (Kα). Then for every
[sequentially] complete topological linear space Y , the space L(X,Y ) of continuous linear op-
erators from X to Y , equipped with the topology of uniform convergence on the sets Kα , is
[sequentially] complete.
Corollary 4.9. Let X be an F -space with a resolution (Eα). Then the topology of X coincides
with the finest linear topology T in X for which all the inclusion maps Eα → (X,T) are contin-
uous.
Thus, in particular, no (separable) F -space X has a strictly finer linear topology that admits a
compact resolution. This is generalized in the following open mapping type result (comp. it with
the third statement of Theorem 5.2 in [4]).
Corollary 4.10. Let Y be a topological linear space admitting a compact resolution. Then every
continuous linear map g of Y onto an F -space X is open; if g is also one-to-one, then it is a
topological isomorphism.
Proof. Let (Lα) be a compact resolution for the space Y . Then the sets Kα := g(Lα) form a
compact resolution for the F -space X. Hence, by Theorem 3.1 or 3.3, X is separable. Now, if g
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is continuous on each of the sets Kα . By Theorem 4.2, f is continuous on X.
In the general case, let N := kerg. Then g = h◦ q , where q :Y → Y/N is the natural quotient
map, and h :Y/N → X is a continuous bijective linear map. By the first part of the proof, h is a
topological isomorphism. It follows that g is open. 
In a standard way, this yields an analytic graph type result (cf. the second statement of Theo-
rem 5.2 in [4]; also see Theorem 2.10.1 in [13]).
Corollary 4.11. Let f be a linear map from an F -space X to a topological linear space Y . If the
graph of f admits a compact resolution, then f is continuous.
Proof. The projection P : (x, f (x)) → x of the graph G of f onto X is a continuous linear
isomorphism. By the preceding corollary, its inverse P−1 :x → (x, f (x)) is continuous, and the
composition of P−1 with the natural projection Q :G → Y gives f . 
The next consequence of Theorem 4.2 is somewhat surprising, at least at first sight.
Theorem 4.12. Let T be a Hausdorff topological space admitting a compact resolution (in par-
ticular, a complete separable metric space), and let h be a continuous map from T onto an
F -space X. Then a linear map f :X → Y is continuous if the composition f ◦ h is continuous.
Proof. Let (Jα) be a compact resolution of the space T . Then the sets Kα := h(Jα) form a
compact resolution of the space X. Moreover, f ◦ h|Jα = (f |Kα) ◦ (h|Jα) is continuous for
each α. It follows that f is continuous on each of the sets Kα (by [16, Corollary 7.1.6]). By
Theorem 4.2, f is continuous.
An alternative argument: From the assumptions and Theorem 3.3 it follows easily that the
F -space X is separable and the subspace f (X) of Y is trans-separable. Moreover, if C is a closed
set in Y , then E := (f ◦ h)−1(C) is a closed set in T , hence it admits a compact resolution.
In consequence, so does the set h(E) = f−1(C) ⊂ X, and this means (by Theorem 3.1) that
f−1(C) is analytic. We finish as in the first proof of Theorem 4.2. 
Remark 4.13. Evidently, it would suffice to assume that, for a given compact resolution (Jα) of
the space T , the maps h and f ◦ h are continuous on each of the sets Jα .
The following is easily deduced from the above theorem.
Corollary 4.14. Let h be a continuous map from a complete metric space T onto an F -space X
such that
(s) every closed separable linear subspace of X is the image by h of a closed separable subspace
of T .
Then a linear map f :X → Y is continuous if the composition f ◦ h is continuous.
Remark 4.15. In general, the continuity alone of the map h is not enough: one can always take
T to be the space X with the discrete metric, and in that case the assertion is evidently false. On
the other hand, it trivially holds if the map h is open (not necessarily continuous).
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separable subset of T . It is so, e.g., when T is an F -space and h is a continuous linear surjection
of T onto X (this can be shown using the open mapping theorem).
A stronger version of Theorem 4.2 for the case of compact resolutions (skipped), as well as
of Theorem 4.12 (stated in the theorem below), are available, using the following.
Proposition 4.16. Let X be a topological linear space, and let (En) be a finite or infinite se-
quence of its subsets such that X is the linear span of their union and each of the sets En admits
a compact resolution (Knα). Then the space X admits a compact resolution (Kα) such that when-
ever f :X → Y is a linear map that is continuous on each of the sets Knα (in particular, on each
of the sets En), then f is continuous on each of the sets Kα .
Proof. We may, of course, assume that the sequence (En) is infinite. For every n, let Fn := E1 ∪
· · · ∪ En; then the sets Lnα := K1α ∪ · · · ∪ Knα form a compact resolution for Fn. Next, the sets
Mα := Ln1α′ , where α = (nk), form a compact resolution for the union F of the sets Fn. Finally,
the sets Kα := n1cn1(Mα′) form a compact resolution of X, and the continuity assertion follows
from Proposition 1.2. 
Theorem 4.17. Let (hn) be a sequence of continuous maps taking values in an F -space X, each
hn being defined on a topological space Tn that admits a compact resolution. Assume that the
linear span of the union of the ranges En := hn(Tn) is all of X. Then a linear map f :X → Y is
continuous if each of the compositions f ◦ hn is continuous.
Proof. For each n, let (J nα ) be a compact resolution of the space Tn. Then the sets Knα := hn(J nα )
are a compact resolution of En and, as in the proof of Theorem 4.12, f is continuous on each of
the sets Knα . To finish apply Proposition 4.16 and Theorem 4.2. 
Remark 4.18. The case of a sequence of maps (hn) can be reduced to that of a single map h by
taking the direct topological sum T of the spaces Tn, and letting h(t) = hn(t) for t ∈ Tn.
The following fact is likely to be well known (though hard to locate).
Fact 4.19. If X is an F -space and E, F are its closed linear subspaces such that X = E + F ,
then a linear map f :X → Y that is continuous on both E and F is continuous on X.
Proof. Consider the continuous linear operator A :E × F → X defined by A(u,v) = u + v.
Then from the open mapping theorem it follows that for every null sequence (xn) in X one
can find null sequences (un) in E and (vn) in F such that A(un, vn) = xn for all n. Therefore,
f (xn) = f (un)+ f (vn) → 0 as n → ∞. 
Below, we give a striking (partially) nonlinear analog of the above fact.
Corollary 4.20. Let X be an F -space, E0 be a subset of X admitting a closed resolution, and
E1, . . . ,En be subsets of X admitting compact resolutions. If X = E0 + · · · + En and a linear
map f :X → Y is continuous on each of the sets Ej , then it is continuous on X.
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orem 4.2 and Proposition 4.16. One can also argue as follows: The product space E1 × · · · ×En
admits a compact resolution, and the addition map A :E1 × · · · × En → X is continuous and
onto. Moreover, the map f ◦A is given by the formula f ◦A(x1, . . . , xn) = f (x1)+· · ·+f (xn),
hence it is continuous. By Theorem 4.12, f is continuous.
In the general case, let (Kjα) be a required resolution for the set Ej (0 j  n). Then the sets
Lα := K0α + · · ·+Knα form a closed resolution for X and, by Proposition 1.4, f is continuous on
each of these sets. Apply Theorem 4.2. 
Problem 4.21. Is the corollary above still valid if all the sets E0, . . . ,En are closed and nonsep-
arable?
Remark 4.22. The answer to this problem is unknown even in the following very special situ-
ation: Take as X the real Banach space l∞, and let C0, C1 be closed nowhere dense subsets of
R such that C0 + C1 = R. Then the subsets Ei := {x = (ξj ) ∈ l∞: ξj ∈ Ci ∀j} (i = 0,1) of l∞
are nonseparable, closed, and nowhere dense. Moreover, l∞ = E0 +E1 if (and only if) for every
a > 0 there is b > 0 such that [−a, a] ⊂ (C0 ∩ [−b, b]) + (C1 ∩ [−b, b]). Assuming this condi-
tion, is a linear map f on l∞ continuous whenever it is continuous on both the sets E0 and E1?
(It is certainly so if the map A : (s, t) → s + t from C0 × C1 onto R is open at a point (s0, t0); is
it always the case?)
Take, for instance, as C0 the set of those s ∈ [0,1] that have a triadic expansion s = (bn)3 :=
(0.b1b2 . . .)3 not containing the digit 2, and define C1 to be the union of the integer translates
k+C0 of C0. Then each r = k+(an)3 ∈ R (k ∈ Z) can be written as r = s+ t with s = (bn)3 ∈ C0
and t = k+(cn)3 ∈ C1 (set bn = an and cn = 0 if an = 0 or 1; bn = cn = 1 if an = 2). This implies
that l∞ = E0 + E1.
Moreover, (∗) if r ∈ [0,1], then r = s + t with s, t ∈ C0 ∩ [0, r]. Hence, if a linear map f on
l∞ is continuous on E0, then it is continuous at zero on the positive part of the unit ball in l∞. It
follows that f is continuous (at zero) on l∞.
One can also verify that if n ∈ N and r ∈ [0,3−n−1], then r = s − t for some s, t from C0 ∩
[0,3−n]. (Since the map (s, t) → s − t is continuous, it is enough to consider only r’s having a
finitely nonzero triadic expansion. Given such an r , look for an ‘optimal’ t ∈ C0 of a similar type
such that r + t ∈ C0.) This combined with (∗) can be used to show that the map A : (s, t) → s + t
is open at each point (0, k) ∈ C0 ×C1 (k ∈ Z).
A particular case of the last corollary is the following result (cf. [4, Theorem 5.5]); note that
it contains Corollary 4.6 as a special case.
Corollary 4.23. Let X be an F -space. If X is the direct algebraic sum of its linear subspaces
E0,E1, . . . ,En, where E0 admits a closed resolution, and E1, . . . ,En admit compact resolu-
tions, then the associated projections Pj :X → Ej are all continuous, hence all the subspaces
Ej are closed.
From the above corollary we get the following (cf. the second part of Theorem 5.5 in [4]).
Corollary 4.24. If a linear subspace E of an F -space X is of codimension  ℵ0 and admits a
closed resolution, then it is closed and of finite codimension.
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compact resolution. By the preceding corollary, both E and F are closed, and a standard appli-
cation of the Baire theorem shows that dimF < ℵ0. 
We finish with an analog of Theorem 4.2 for bilinear maps; of course, it holds for general
n-linear maps as well.
Proposition 4.25. Let X and Y be F -spaces, Z an arbitrary topological linear space, and f :X×
Y → Z a bilinear map. Also, let (Mα) be a resolution for the product F -space X × Y . If f is
continuous on each of the sets Mα , then it is continuous.
Proof. It is enough to show that f is continuous in each variable separately (see [7, 5.1.4]).
Let us fix y ∈ Y and prove that the linear map f (·, y) :X → Z is continuous. Denote
Hy = {(x, y): x ∈ X}. By assumption, f |Hy is continuous on each of the sets Hy ∩Mα . Now, the
map hy :X → Hy defined by hy(x) = (x, y) is a homeomorphism, hence f (·, y) = (f |Hy) ◦ hy
is continuous on each of the sets h−1y (Hy ∩ Mα), and these sets form a resolution of X. By
Theorem 4.2, the map f (·, y) is continuous. 
It should be obvious that also an analog of Theorem 4.12 holds for multilinear maps.
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